Partially coherent light provides attractive benefits in imaging, beam shaping, free-space communications, random medium monitoring, among other applications. However, the experimental characterization of the spatial coherence is a difficult problem involving second-order statistics represented by four-dimensional functions that cannot be directly measured and analyzed. In addition, real-world applications usually require quantitative characterization of the local spatial coherence of a beam in the absence of a priori information, together with fast acquisition and processing of the experimental data. Here we propose and experimentally demonstrate a technique that solves this problem. It comprises an optical setup developed for automatized video-rate measurement and a method -phase-space tomographic coherenscopy-allowing parallel data acquisition, processing, and analysis. This technique significantly simplifies the spatial coherence analysis and opens up new perspectives for the development of tools exploiting the degrees of freedom hidden into light coherence.
Introduction
Numerous instruments and techniques used in science and technology are based on light characterization. The analysis of light spectrum, polarization, intensity distribution, and coherence provides valuable information about the light source or the medium where it propagates. While the measurements of some characteristics are well established, the diagnosis of spatial coherence, which by analogy with spectroscopy and microscopy might be referred to as coherenscopy, is still a challenging task. Nevertheless, additional degrees of freedom provided by coherence are prominent for many applications [1] [2] [3] . A historical example illustrating the relevance of light statistics is found in astronomy where the star size was estimated from the measurement of the degree of coherence (DoC) [4] . Modern coherence-based techniques include ghost imaging [5, 6] , coherence controlled microscopy [7, 8] , lithography [9, 10] , and characterization of atmospheric [11] and plasma [12] instabilities. Moreover, the use of partially coherent light increases the transmission capacity of free-space communications [13] and improves information encoding [14] .
Further applications of partially coherent light require the development of efficient techniques for coherence characterization. This problem is rather difficult because even in the scalar quasi-monochromatic case a two-dimensional (2D) beam is described in paraxial approximation by a complex-valued function of four variables, Γ(r 1 , r 2 ) = f * (r 1 ) f (r 2 ) , known as mutual intensity (MI) [1, 2] . Here r = [x, y] t is a position vector at the plane perpendicular to the beam propagation direction, f (r) is a stochastic complex field amplitude, and · stands for ensemble averaging. The MI gauges the field correlation at the points r 1 and r 2 via DoC: γ (r 1 , r 2 ) = Γ (r 1 , r 2 ) / Γ (r 1 , r 1 ) Γ (r 2 , r 2 ). Note that only the values Γ(r, r) = | f (r) | 2 , corresponding to the intensity distribution, can be directly measured.
Instead of the MI, its Fourier transform (FT) respect to the position difference r 1 − r 2 , known as Wigner distribution (WD) [15, 16] , can be used for beam description. The WD is a real 4D function but it may take negative values that also impedes its direct measurement.
In the last decades, various methods have been proposed for MI or WD reconstruction [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] , yet none has demonstrated to be feasible for quantitative estimation of the coherence state in the absence of a priori information. Some methods assume certain hypothesis about field model [18] [19] [20] , its symmetry [17, 21] or coherence homogeneity [22] . Others apply pinhole [23, 24] or slit masks [25] which alter the measurements and decrease the signal to noise ratio caused by significant power reduction of the analyzed field. The phase-space tomography method [26] , consisting of the WD reconstruction from its projections associated with intensity distributions, avoids these problems. Nevertheless, it is not widely used for coherence analysis due to three principal reasons: the absence of a setup for rapid acquisition of the required WD projections, the complexity of data processing for WD and MI recovery, and the inherent difficulty of analyzing these resulting 4D functions [27] . Practical experimental setups applying this method have been developed only for the coherence study of 1D optical signals [28] [29] [30] .
Here we present a simple technique for complete quantitative analysis of the beam spatial coherence. Our solution exploits the WD projection diversity providing crucial advantages in data acquisition, processing, and analysis. It is experimentally demonstrated on several examples.
Principle of the technique
The tomographic technique proposed by Radon [31] consists in the reconstruction of an object from its projections associated to different directions. While in the case of the 2D object there is a unique choice of the rotation axes to gather the required projections, refereed to as projection set, in the case of the tomographic exploration of a N-dimensional object there exist numerous projection sets that can be used for its recovery. The choice of the proper projection set significantly simplifies the reconstruction process and the analysis of the results. For example, in the reconstruction of the horizontal sections of 3D object the acquisition of the vertical projections is more appropriate, Fig. 1(a) . To obtain the same sections using the horizontal projections [see Fig. 1(b) ], a prior reconstruction of the entire 3D object is required.
In phase-space tomography of an optical beam, the object is the WD [15, 16, 26] :
where λ = 2π/ |k| is the wavelength and k =[k x , k y ] t is the spatial frequency vector. In this case two independent angles, α and β (both covering a π−interval) associated with the rotation in two orthogonal planes of the phase space are needed to obtain the 2D projections required for WD recovery. The WD rotation is achieved by beam propagation thought certain optical systems [32] , see Appendix. As in the 3D case, there exists a high diversity of the projection sets suitable for the complete beam characterization. Not all of them, however, easily provide meaningful information about the beam coherence. Here we demonstrate that the projection set, hereinafter referred as {P α,β (r)}, obtained by rotating the WD on the yk y and xy planes for angles α and β , respectively, is appropriate for this task. In this case, the interpretation of the 4D MI is significantly simplified by analyzing its 2D sections.
The projection set {P α,β (r)} comprises several subsets, {P α,β (r)} β 0 , defined by fixing β = β 0 , which are acquired consecutively. Each subset provides the information about field correlation at whichever points r 1 and r 2 that are contained in a line which forms an angle β 0 with axes y. The MI at such a line is defined as Γ β 0 (r 0 , s) = Γ (r 0 , r 0 + sn) , where r 0 is the reference point, n = [− sin β 0 , cos β 0 ] t and s are the direction and running coordinate of the line, respectively. Analogously, the profiles of the DoC are defined as γ β 0 (r 0 , s) = γ (r 0 , r 0 + sn) .
In particular, the Γ 0 (r 0 , s) is recovered from the projection subset {P α,β (r)} β 0 =0 , see the scheme depicted in Fig. 1(c) . Indeed, it is sufficient for the tomographic reconstruction of the WDs, W x 0 (y, k y ), of the 1D field f (x 0 , y) for any value of x 0 . Specifically, from the W x 0 (y, k y ) associated with the projection subset slice {P α,β (x 0 , y)} 0 , for a fixed x 0 , the MI is recovered:
It provides the coherence relation between the field at a reference point r 0 and any other points contained in the vertical line x = x 0 defining the 1D profile of the MI. The information obtained from the projection subset {P α,β (r)} 0 can be analyzed in several ways. In particular, the amplitude and phase of Γ 0 (r 0 , s) and γ 0 (r 0 , s) can be represented as a 2D function of (y 0 , s) or (x 0 , s), as well as 1D profiles. Alternatively, the corresponding WDs providing phase-space representations can be studied. Therefore, this method offers a diversity of tools applicable for the analysis of light statistics depending on the standing problem.
To find the coherence relations for two points with different x coordinates, one has to perform the rotation in the xy plane for the corresponding angle β 0 and to repeat the procedure described above using the projection subset {P α,β (r)} β 0 . Doing this, we recover the desired information avoiding the reconstruction of the entire 4D WD and its posterior processing. The projection set {P α,β (r)} has to be measured and processed for the complete beam characterization. Although the amount of data is the same as in other realizations of phase-space tomography, our technique brings powerful benefits compared to them:
1. The data acquisition and processing tasks are performed simultaneously since every projection subset is an independent entity. Moreover, as one projection subset slice is independent of the rest, the data processing is inherently prepared for parallel computing. These facts significantly speed up the reconstruction of the MI.
Physically meaningful information is obtained from a reduced number of projections.
This allows starting the beam analysis before the complete projection set is acquired.
To implement this method, an efficient system for automatized acquisition of the required WD projection set is needed. The coherenscope setup sketched in Fig. 2 (b), which is composed by two spatial light modulators (SLMs) and a CCD camera (see Methods), is well-suited for this task. It is based on the device developed in Ref. [33] . 
Experimental results
The proposed technique is coherence-agnostic and does not require a priory information about the beam. To demonstrate its feasibility we consider several completely and partially coherent test beams synthesized by computer generated holograms (CGHs). The setup used for beam generation is sketched in Fig. 2 (a). A CGH created following the approach reported in [34] is addressed into a SLM. Note that the rotating ground glass (RGG) diffuser is only used for the generation of partially coherent beams in the Experiment 2. The test beam is projected by the relay lenses into the input plane (SLM 1) of the coherenscope sketched in Fig. 2 
(b).
In the coherent case, Experiment 1, we compare the phase and amplitude distributions of the retrieved MI with the ones obtained applying an alternative method based on a well-established iterative algorithm. The characteristics recovered in Experiments 2 and 3 for partially coherent light, with homogeneous and non-homogeneous amplitude of DoC, are compared with the ones estimated using the coherence theory. Each measured projection subset contains 180 WD pro-
Experiment 1: Coherent beam
The coherent test beam is given by the superposition of two Laguerre-Gaussian modes LG p, l (r): LG 0,3 (r) + LG 4, 1 (r), where p and l are the radial and azimuthal indices, correspondingly. In order to prove the correct generation of the test beam, the measured distributions of its intensity, Fig. 3(a) , and phase, Fig. 3(b) , which completely describe a coherent beam, are compared with the theoretically predicted ones. The experimental phase distribution is determined using the iterative phase retrieval (IPR) technique developed in [34] , which is based on the Gerchberg-Saxton algorithm. The good agreement between these results demonstrates the high fidelity of the beam generation setup. For a realistic analysis of the coherenscope performance, we compare the MI phase and amplitude recovered via phase-space tomography with the ones obtained via the IPR method, referred to as PST-MI and IPR-MI, respectively. In the reconstruction of PST-MI we have measured two projection subsets for angles β 0 = 0 and β 0 = π/4. As an example, the WD projections for β 0 = 0 are shown in (Media 1) online (coherent case). The amplitude and phase maps of the reconstructed MI, Γ 0 (r 0 , s), for fixed y 0 and running x 0 and s, are displayed in Fig. 3(c) together with the corresponding maps for IRP-MI. Since the MI of the coherent beam is a product of the complex field amplitude, Γ (r 1 , r 2 ) = f (r 1 ) f * (r 2 ), the phase of the field can be defined from the phase of the MI up to a constant factor. Note that the information obtained from the subset {P α,β (r)} 0 is not enough for this goal because the relative phase between any two vertical profiles is unknown. Fortunately, following the approach proposed in [35] this uncertainty is resolved if at least one MI phase profile along any non-vertical line (β 0 = 0) is obtained.
The amplitude and phase profiles of both PST-MI and IPR-MI are displayed in Fig. 3(d) . They are taken along the lines containing the point r 0 = [0. 6, 0] t mm, which form the angle β 0 = 0 and β 0 = π/4 with the vertical axes, as indicated in Fig. 3(a) . The good agreement be- tween these results demonstrates the feasibility of our technique for characterization of coherent beams.
Experiment 2: Beams with Gaussian-envelope amplitude of DoC
The major strength of our technique is the analysis of partially coherent beams. The generation of beams with a homogeneous DoC amplitude is achieved by using a RGG diffuser and an SLM as sketched in Fig. 2(a) . The diffuser transforms the spatially-coherent Gaussian laser beam into an incoherent Gaussian beam. The width of the latter depends on the distance d between the RGG diffuser and the Fourier plane of the focusing lens (FL), see Fig. 2(a) . According to the Van Cittert-Zernike theorem [1, 2] , the incoherent light emerging from the diffuser acquires a certain DoC after its propagation through the beam generation system. In particular, on the SLM plane, it is described by the MI function Four partially coherent beams have been generated for d = 0, 14, 28, and 52 mm, and the corresponding projection subsets {P α,β (r)} 0 have been acquired. In (Media 1) online, the experimental WD projection subsets associated with d = 14 and 52 mm and the coherent case are displayed. The 2D WD functions W x 0 (y, k y ), where x 0 = 0.6 mm, are reconstructed for each beam, see Fig. 4(a) . Although the intensity distributions of these beams are similar, the corresponding WDs exhibit significant differences. Specifically, the "spider-like" structure, with clearly distinguishable regions where the WD is negative, is gradually washed out as the DoC decreases. The largest distance d = 52 mm corresponds to the partially coherent beam with the lowest DoC, and the associated WD is almost independent of the spatial frequency coordinate, which is a typical behavior of incoherent light.
Analogously to the WD details, the side lobes of the MI amplitude profiles are washed out when the coherence decreases as shown in Fig. 4(b) . We also observe that the phase profiles of the MI corresponding to d = 0 and 14 mm are similar where the MI amplitudes are above the noise level. Therefore, it is possible to recover the phase of Γ c (r 1 , r 2 ) from which the information of the object modulating the beam (in our case the SLM) can be determined. This fact can be exploited for imaging of weakly absorbing specimens where the decrease of DoC results in speckle-noise reduction.
The experimental profiles of the DoC amplitude, which exhibit Gaussian form, are in good agreement with the theoretical model discussed in Appendix, see Fig. 4(b) . The DoC amplitude of the beam is homogeneous and depends only on s = |r 1 − r 2 | while the amplitude of the MI is not. This is appreciated in Fig. 4(c) , where the profiles of the Γ β 0 (r 0 , s) and γ β 0 (r 0 , s) are shown for the two crossed lines indicated in Fig. 3(a) . As expected, the Gaussian curves of DoC amplitudes coincide except for the neighbourhood of the point s = −0.33 mm, where both the intensity and MI vanish for the profile corresponding to β 0 = π/4.
Experiment 3: Beams with non-homogeneous amplitude of DoC
Light with non-homogeneous amplitude of DoC is generated as incoherent composition of orthogonal modes ψ n (r) using the mode expansion approach [36] [37] [38] . In this case the MI is expressed as Γ (r 1 , r 2 ) = ∑ n a n ψ n (r 1 ) ψ * n (r 2 ), where a n are real non-negative constants. In our experiment, two Laguerre-Gaussian modes, ψ 1 (r) = LG 0, 3 (r) and ψ 2 (r) = LG 4, 1 (r) whose intensity distributions are displayed in Fig. 5(a) , have been used. Two partially coherent beams, refereed below as beam A and beam B, corresponding to the pair of constants (a 1 , a 2 ) = (0.5, 0.5) and (a 1 , a 2 ) = (0.25, 0.75), respectively, have been created by time multiplexing. Their intensity distributions are shown in Fig. 5(a) .
In coherence is governed by the mode ψ 2 (x 1 , s) whose intensity distribution reaches a maximum value at s = 0. As expected, the minima of |γ 0 (r 1 , s)| coincide with the points where intensity of the mode ψ 2 (x 1 , s) vanishes and its maxima correspond to the local maxima of |ψ 2 (x 1 , s)| 2 . On the other hand, the interpretation of the coherence curve |γ 0 (r 2 , s)| is not so straightforward because for the reference point r 2 both modes have similar contributions [see the third panel of Fig. 5(c) ]. In this case not only the relative intensity but also the phase distributions of the modes have to be taken into account for DoC estimation, which underlines the complexity of the beam coherence state. Nevertheless, it is successfully characterized using the coherenscope.
Discussion
The considered examples verify that the proposed technique is well-suited for quantitative and comprehensive study of completely and partially coherent optical fields, which makes it attractive for real-world applications. This technique offers diverse tools for beam analysis including MI, DoC, and WD. In contrast to other methods, it provides information, not only about the amplitudes of the MI and the DoC, but also about their phase. This fact paves the way to the application of partially coherent light for quantitative imaging of weakly absorbing specimens. The advantages of coherent and incoherent light, such as phase recovery of the diffracted field and speckle-noise reduction, can be combined by controlling the DoC of the involved light. On the other hand, the phase-space representation can be helpful for the design and characterization of optical systems, structurally stable beams, and spatially nonstationary fields [16] .
The diagnosis of coherence is also important for random media monitoring and free-space communications. It has been reported [39, 40] that partially coherent beams are less sensitive to distortions caused by the propagation in random media than their coherent counterparts, making them of interest for free-space laser communications and sensing. Another recently proposed scheme for data transmission employing orbital angular momentum multiplexing use, as in the Experiment 3, collinear incoherent mode combination for information encoding [13] . The effectiveness of the information transmission can be evaluated by the proposed coherenscopy technique.
The developed coherenscope setup comprises two programmable SLMs based on the liquid crystal technology. Other SLM devices such as deformable mirrors (DMs) [41] can be used to achieve faster measurement of the required WD projections. The rapid response of the DMs and sCMOS-based cameras can significantly reduce the data acquisition time to the range of few milliseconds. Moreover, efficient numerical algorithms for data processing implemented in a highly parallel processor (e.g. graphic processing units, GPU) lead to real-time coherence analysis. Independently from the considered SLM technology, the versatility of the coherenscope system makes it a promising tool for research and industrial applications.
In principle the proposed technique can be extended to the characterization of the coherence state of vector and band-limited beams by incorporation of polarization and spectroscopic elements.
Methods

Experimental setup for beam generation
The optical setup sketched in Fig. 2(a) allows generating several test beams with controlled DoC. A coherent test beam is analyzed in Experiment 1 while two different kinds of partially coherent beams are studied in Experiment 2 and 3. To control the DoC of the laser beam (wavelength of λ = 532 nm, and power of 50 mW), a RGG diffuser (Thorlabs DG20-120-MD, 120 grit polished) is used in Experiment 2. The diffuser rotating at 60 rpm is placed between two spherical convergent lenses operating in a 4-f configuration (i.e. Keplerian telescope) as depicted in Fig. 2(a) . Both are NBK-7 glass lenses, where the first one works as a focusing lens (FL, focal length of 5 cm) and the second one acts as a collimation lens (CL, focal length of 25 cm). Four beams with different DoC obtained for the distance (between the back focal plane of FL and the diffuser) d = 0, 14, 28 and 52 mm, are generated. The light scattered from the diffuser illuminates a phase-only SLM (Holoeye PLUTO, 8-bit gray-level, pixel pitch of 8 μm, and 1920 × 1080 pixels) in which a computer generated phase hologram is displayed to shape the intensity and phase distributions of the test beam, as reported in Ref. [34] . In Experiment 1, the diffuser is removed from the setup to generate the coherent test beam. The generation of partially coherent beams given as incoherent superposition of Laguerre-Gaussian modes, Experiment 3, is performed by time multiplexing of holograms and therefore it does not require a RGG diffuser.
In our case, each test beam corresponds to an optical vortex given by a combination of Laguerre-Gaussian modes defined as
where r 2 = x 2 + y 2 and tan φ = y/x are the polar coordinates, A is a normalization constant, w is the beam waist, and L |l| p is the Laguerre polynomial with radial index p and azimuthal index l (i.e. topological charge). Specifically, the LG 0, 3 and LG 4, 1 modes were used as a base for the generation of both completely and partially coherent beams. The beam waist is expressed as w = √ 2λ z, where z = 50 cm is the distance between the elements of the coherenscope setup sketched in Fig. 2(b) .
Two identical relay lenses (RL, NBK-7 glass convergent lens with focal length of 25 cm), working as 1× telescope, are used to project the test beam as an input signal into the coherenscope setup, see Fig. 2 .
Experimental coherenscope setup
The coherenscope setup, Fig. 2(b) , based on two phase-only SLMs (Holoeye LCR-2500, 8-bit gray-level, pixel pitch of 19 μm, and 1024 × 768 pixels) is used to obtain the WD projections of the generated test beam. These projections are acquired and stored as images using a CCD camera (Imaging Source DMK 41BF02, 8-bit gray-level, pixel size of 4.65 μm, and 1280 × 960 pixels). The distance between the SLMs and the CCD camera is fixed at z = 50 cm as sketched in Fig. 2(b) . Each SLM displays a digital lens which varies as a function α and β in order to generate the required WD projection set {P α,β (r)}. The focal length of the digital lens is given as a function of the angle α, while β corresponds to the lens rotation angle. See Appendix for further details. Fig. 1(b) shows the phase maps of the digital lenses (SLM 1 and SLM 2) used to obtain the WD projection P 5π/4, 0 (r) referred to as output signal. The whole process comprising setup control, projection acquisition, as well as data processing is achieved using a dedicated Matlab program developed by us. A = D and B = −C, are needed to apply the WD reconstruction method. The intensity distribution at the output plane of a phase space rotation system corresponds to the WD projection given by 1
Measuring a proper projection set P T (r) and using the inverse Radon transform, or other tomography reconstruction algorithm, the WD, and therefore the MI, can be recovered. Four independent free parameters defining a phase-space rotation matrix provide a diversity of the projection sets suitable for the WD reconstruction. In Ref. [26] the tomographic method has been established for the projection set corresponding to the WD rotation on the planes xu and yv for angles α x,y , each one covering a π-interval. The optical system required for the acquisition of the corresponding projections P 
Our choice for the projection set P α,β (r) is related to the WD rotation on the planes yv and xy (and simultaneously uv) for angles α and β , respectively, covering a π-interval independently. The ray transformation matrix describing the required optical system is given by A = cos β − sin β cos α sin β cos α cos β and B = cos β − sin β sin α sin β sin α cos β .
Both projections sets can be automatically acquired using the programmable optical setup developed by us in Ref. [33] . The advantages of the last projection set are described in the main text of the article. Applying the inverse Radon transform to the projections corresponding to β = constant, the WDs of the optical signals along lines parallel to the direction n = [− sin β , cos β ] t are obtained. The transformation of the corresponding WDs, according to equation (2) of the main text, yields the recovery of the MI of the field along the same lines.
Coherenscope setup
As previously mentioned, the proposed coherenscope setup is based on the fractional FT system developed in Ref. [33] which comprises two generalized lenses implemented by two spatial light modulators (SLMs) and a digital camera. The distance z between every two consecutive elements is fixed. Specifically, in the case of the coherenscope setup, these lenses L j ( j = 1, 2) have the following transmission functions
where the focal lengths are g 1 = z, g 2 = z/2, and f 1 =2z/ (2 − cot (α/2)) ,
f 2 =z/ (2 − 2 sin α) ,
are given as a function of the transformation angle α ∈ [π/2, 3π/2]. These lenses yield the operation described by Eq. (7) except for a rotation at an angle −β of the output beam. To compensate this effect and obtain the WD projection corresponding to the reported technique, the image acquired by the digital camera has to be rotated an angle β . This rotation can be digitally performed in real time using an image processing program as the one available in Matlab (e.g. imrotate using linear interpolation), or more advanced algorithms. Note that each lens is addressed into the SLM as the function arg [L j (x, y)] mod 2π. The SLMs simultaneously display the lenses L 1,2 because they are electronically controlled by the same device, which is connected to a personal computer via a DVI-port. Matlab programs for the setup automation and the data processing of the WD projections acquired by the CCD camera have been developed by us.
Generation partially coherent beams with Gaussian-envelope amplitude of degree of coherence
The generation of partially coherent beams with controlled degree of coherence is based on the Van Cittert-Zernike theorem [1, 2] . A Gaussian laser beam propagating through a rotating ground glass (RGG) diffuser emerges from it spatially incoherent with Gaussian intensity distribution I(r) = I 0 exp −2πr 2 /w 2 , where I 0 is a normalization constant. The beam width w depends on the distance d between the diffuser and the back focal plane of the focusing lens, FL, (see Fig. 2(a) , where the optical setup used for test beam generation is displayed). The larger the value of d, the larger value of w. The beam intensity distributions I(r) on the output plane of the RGG diffuser for different distances, d = 0, 14, 28, and 52 mm, are shown in Fig. 6 . Their measurements were performed by imaging the output plane of the diffuser into a CCD
